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INTEGRALES ALGEBRIQUES ET PROBLEME D'INVERSION 41

pegulier. D’ailleurs, si I'intégrale générale de I'une des équations
Py ¥)y 8(1—2, 41— pyv), 80,1 ~=py 1—v), 8(1— 2, p, 1 —v) est
e fonction algébrique de z, il en est évidemment de méme
es trois autres (n® 35).

' Soient M\'m, p'm, v’z les angles de celui des quatre triangles
ﬁQR, PQ'R, QP'R, P’Q'R pour lequel la somme des angles est
a plus petite, les nombres ), p/, ' étant rangés par ordre de
randeur décroissante. Pour que lintégrale générale de E(z, £, 7)
oit une fonction algébrique, il faut et il suffit que les nombres
', ¢, v'y qui se déduisent de «, 8, y comme il a été expliqus,
figurent dans le tableau ci-dessous de Schwarz :
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INTEGRALES ALGEBRIQUES ET PROBLEME D'INVERSION 41

nlier. D’aﬂleurs si 'intégrale générale de 1'une des équations
80, 22 9), 81— 1, 1—p,v), 80,4 —p, 1—3), 8(1— 2, p, 1—) est
fune fonction algébrlque de #, il en est évidemment de méme
(des trois autres (n° 35).

‘Soient \'%, p'm, v'7 les angles de celui des quatre triangles
i PQR, PQ'R, QP'R, P'Q'R pour lequel la somme des angles est
plus petite, les nombres )’, u', ' étant rangés par ordre de
grandeur décroissante. Pour que I'intégrale générale de E(z, 3, y)
it une fonction algébrique, il faut et il suffit que les nombres
'y #'y ¥’y qui se déduisent de «, B, y comme il a été expliqué,
figurent dans le tableau ci-dessous de Schwarz :
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Exawmple of  proflem :
Full symmetry g icosahedpal refleckim group (orbe e

=&k gK] & ° Gl= G = )
()= Go)P =G =1

. 03(19) < @Lg (C)

— (b for comredoms en ramk 3 bundles / {f"\q-pnts
with memodrmy H  (qertrated by 3 efleckrns )

— (essmtrdy) solved awound 1997 by Dubrorir - Mezzecco
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—1226684412907984419281022032089194096771900 ¢°
—1114701349804370233505605371103641055314707 ¢
1706698148832508485833137372995728746006888 ¢ '°
~230885597278675059768074093486733449982986 ¢!
+40110760213781966306595755424591426952408 '
—2044406938738808019234484282441173992613 ¢
+29909989810256194655311832623132956 £'4) = (1 + z) y'°
+3 (—19345311524103689299806429866595584344434933
+165880840018062517894524148661179410853072546 ¢
—433975351186661527899190510419861031681577223 t*
+515516306674309051714096086492072331808918060 t*
—283562876761607595979024343783955270990852289 t*
+35080717870652037166528865782071242284918734 t°
+33297928990127187049831304457387943687578909 ¢°
~12917764244851664872827620472556082803226856 1
~266713623245328356955979252488258143292463 ¢
1555000198844440351814987030522263162652334 1°
+3448091251905758234969231253855658313 15595 ¢'°
~325680072459807008457121908075371991483716 !
1117388439783020206894807144460070846332949 ¢
—21123688072686368568170196496753937437182 ¢'?
+1569161588742434760282235480090100082255 t'*) 2 y'°
+3 (9783209760488948030219433006083570296689357
—59321119347918543659930676521984384042169430 ¢
+141416477837529651726686264572772822193430055 t°
—177096809878289456793903796377476455257673500 ¢
+127907586479651422318564410835908192786763365 t*
—54372658309139640733439296021048049726746698 t°
+13488394375983259178386269031077826541323679 t°

% Dubrowin - Mazzocco
Preprrt ~ 1997
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\/nd 15 Painlevé TT €
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The Painlevé VI equation (Pv)

fy 11 1 1)@)2_1 L L)l
dt2"2(y+y—1+y-—t (dt (t+t—1+y-—t dt
y(y— Dy —1t) o k= -1
= t3(¢ — 1)2 (a+ﬁy2+7(y=1)2+6(y—t)2)

where the constants o, 3,7, § are related to the parameters (0,, 0,05, 0,) by:

a=0:=1/2, B=-042, =082 s=01-8))p



The Painlevé VI equation (Py;)

£y Tk ) 1 iy 7 1\ dy

F"§(§+y—1+y—t) (E) _(?+t—1+y—t)_d_t
Wy-Dp=8f ¢t (-1 -1
T aa-1y ("‘*%“(y—l)”‘s(y—t)ﬂ)

where the constants a, 3,7, § are related to the parameters (0,0, 05, 0,) by:
a=0,-10%/2, p=-62/2, =62, o= (1-6%)/2.
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Basic examples of algebraic solutions to Painlevé VI (Hitchin, Dubrovin):

Three-branch tetrahedral solution:

_(s=1)(s+2) _(s=1)}(s+2)

s(s+1) °’ (s+1)3%(s—2)
(01,02,63,604) = (2/3,1/3,1/3,2/3)

Yy

Four-branch dihedral solution:

S (s+2) o $3(s+2)
Ty ¢ T T2s+1

(61,05, 05,04) = (1/2,1/2,1/2,1/2)

Four-branch octahedral solution:

_(s—1)? _(s+1)(s—1)}
=Y T -9

(01,02, 03,04) = (1/4,1/4,1/4,1/4)



Elliptic dihedral solution
Hitchin 1996

12 branches, genus 1

(61,65, 05,60,) = (1/2,1/2,1/2,1/2)

_(Bs—1)(s*—45—-1)(s®+u)(s(s+2)—w)
T 883+ T72+s5+1)(s2—u)(s(s—2)+u)
= (32+u)2(s(s+2)—u)(s(s—?)—u)

(22— uw)?(s(s+2)+u)(s(s—2) +u)

where s, u satisfy:

u2:3(32+s—1)



Pevond. Palowic Pu soliions

Theorem (- 02)
Pamleve T afso conbrals isomonodromic defrnelirns

of 1}pe comections 23 ‘3%‘0‘2 b: 3:2 i)

—simior o s waamwt (2d madul;sp«es)

—as befre: fnide morodamy grrps = alﬂebgn:‘ce zﬁgs

Lok at finite sibgreps 63(C) geromited by
tivee armplex qeflechoms (7 id+ rnk 1°)
—clogsied by Sheghard—Todd (195%)



If y(t) solves Py; with parameters

Oh=M—p, Oo=d—pu, O3=2A3—p1, 0Os=p3—p2
and we define z(t) via
1 ((t—l)y’—@l +y’—-1—92 = ty’+63)

2
then the family of logarithmic connections

d—(&—i— £ + i )dz

Z z—t z-—1

==
Y y—1t =1

will be isomonodromic as ¢ varies, where

A1 b2 b3 e 00 0
By =0 UL Bo=|ba Ao bos], By = G ¢ O |
0 0 0O 0 0 0 ba1 b3a As

bio =M —usy+ (u —zy)(y — 1), bsa = (2 — A2 — bi2)/t,
bis = Mt — psy + (i1 — zy)(y — ¢), baz = (g — A3)t — bys,

ps(y —t) —my—D+z@y—t)(y—1) ba1 = (pa — A\ — bay) /t.

IJQIZAZ%= i=1 3
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Theorem. (Jimbo 1982)

Suppose we have four matrices M; € SLy(C), j = 1,2, 3, 4 satisfying
a,) M4M3M2M1 = ].,

b) M; has eigenvalues {exp(%mif;)} with 6; ¢ Z,

¢) Tr(M;M;) = 2 cos(mo) for some nonzero o € C with 0 < Re(o) < 1,
d) None of the eight numbers

91:1:92:1:0‘, 91:|:92:F0', 94ﬂ:93i0, 94:]:93:}:6

is an even integer.
Then the leading term in the asymptotic expansion at zero of the corresponding
Painlevé VI solution y(¢) on the branch corresponding to [(M;, M2, M3)] is

(01+92+O‘)(—91+92+0‘)(94+63+0’)
~ t
402(0s + 63 — 0)3

where
a+b

d

F=exs s =
o = ma(z sin (770) cos (1'['0'23) — COS (7?92) COoS (7[‘94) — CO8 (7r61) COSs (7?83))

b = isin (mo) cos (mo13) + cos (76) cos (w63) + cos (76y) cos (76, )

déésin(%(61+92—a))sin(g (91-62+a)) sin(g(94+93- )) sin (3(94-934;@))
_r (1—a))2f(91+92+a)f( 01+ 0, +0)T (64 + 05+ 0) T (—64 + 65+ o)
(T(1+0))?T (61 +6,—0)T (=61 + 0, —0)T (04 + 63 — o) T (=64 + 63 — 0)

where T'(z) := I'(3z + 1) (with T' being the usual gamma function) and where o € C
(4,k € {1,2,3}) is determined by Tr(M;M}) = 2cos(7o i), 0 < Re(ojx) < 1, 50 0 = 012
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Sketch

Fi distnt a,. areC
Le'b ffa =d: (aw--,an)
vﬁ A € 8@'1 (6)

d—3 -dz d- ﬁi + 4)dz
Z E"Z Z e&‘oﬁ“" Lop(ace:'9 2)

Roomen, Stokes

J .

n—’)'"/ "n Ki":m—@)(dev\ —> U+, U- feaﬂU-xT
=1+ e@d (dc (9‘)) Ll —U- ,

N (AG-
G

Scalar shift A+—> A+ AT
— tensov by p -‘lg- on RHS
— nonfwvied Crmvolulyrn on LHS

n=3: choose A\ st A+) yonk 2= reducle on LHS
—tabe 2x7 guilienl mectim ~~ Sl crmedin




Klein solution
seven branches
(01, 62,05,0,) = (2/7, 271,22, 4/7)

v (55°—85+5) (75— 75 +4)
T TS G-2G+D@s D@L —Ts77)
(75— 75+4)°
$(4s2—-7s+7)%

Corollary
For any s such that ¢(s) # 0,1, co the family of Fuchsian systems

d Bl Bz B3
—— (=~ +
dz z2 z2—ts) z-1

has monodromy isomorphic to the Klein complex reflection group, where

5 b2 bis 0 0 0 0 00
Bi=10 0 01, B=ikh ittt B=l0o 00
(0 0 0) (0 0 0) (b31 by 3
ho_ 148°—215%+ 24522 22524524+ 215—-14

P s —Ts+7) BT T (72— Ts+4)
by = 148 =218+ 245+ 5 by _225°—425*+ 3955
A1 [EL—s+4) T T AT —Ts+)
14=215+245%+ 54 22 -428+ 3952 =5¢3

b3 = bga =

A(s—1)(ds? —s+4) Qs —Ts+7)

3



Icosahedral solutions with < 4 branches

Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
Ly 3 0 1 abc |31,10,11,1 | 192 1
P 0 1 abd | 37,17,13,7 | 192 1
31 0 1 acd | 33,21,9,3 |192 1
4] 1 0 1 bcd | 28,16,8,4 |102 1
REE 0 2 bc 26,14, 6,6 | 96 1
R 0 2 b’d |38, 18,18,2 | 96 1
T4 0 2 bz | 22, 10, 10, 2 | 96 1
8 1 0 2 bd* 34,14, 10, 10| 96 1
9 1 0 3 & 18,6,6,6 | 32 1
77 0 3 K 42, 18,18, 6 | 32 1
il 3 0 2 ¥ |42,18,10,10] 96 2
121 3 0 2 V¥d* | 50,10,6,6 | 96 2
9 2 0 2 cd? | 42,18.6,6 | 96 2
14| 3 0 1 bc?d | 40, 16, 8, 8 | 288 Sy
5] 3 0 1 bed? 40,8,4,4 |288 Ss
16| 4 0 2 ac® 33,9,9,9 |128 A,
17 & 0 2 ad’® 51,3,3,3 [128 Ay
18] 4 0 2 Ad 30,6,6,6 |128 A,
19| 4 0 2 cd® 42.6,6,6 |128 A,




Icosahedral solutions with = 5 branches

Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
20| b 0 1 WPcd |44, 12,12, 4 | 480 5
21| 5 | O 2 Ed | 36,12,0,0 | 240 S5 +Kleev
22| 6 0 1 bcd | 34, 10,2, 2 | 576 Se
=18 0 1 bcd? |46, 14, 10, 2 | 576 Se
2418 0 1 actd | 39,15,3,3 | 768 As
25| 8 0 1 acd® | 45,9,9, 3 | 768 As
%] 9 1 2 bc® | 28,4,4,4 | 288 Aq Hitaev
271 9 1 2 b 52, 8,8, 4 | 288 Ay
28] 10 0 2 acd | 48,12, 6, 6 | 480 2735
29| 10 0 2 bc |46, 14, 14,6 | 320 Ay
30| 10 0 2 ¥d | 42,2, 2, 2 | 320 A
31| 10 0 3 ct 24,0,0,0 | 80 A oM
32 10 0 3 " 48,0,0,0 | 80 A
33 12 0 0 abed | 43,11,7,1 |2304 Aia
34| 12 1 1 abc® | 37,13,5,5 |1152 A
35| 12 1 1 abd® | 49,5,5, 1 |1152 A
% 12 1 1 cd | 38,6,6,2 |1152 29375
37 15 1 2 B 36,4, 4,4 | 480 A
38| 15 1 ) ®d | 48,8, 8,8 | 480 - Valenbines
39| 15 1 2 b ¢? 32,8,0,0 | 720 S5
40 15 1 2 b* d? 44,4,0,0 | 720 Sis
41] 18 1 3 bt 40,0,0,0 | 144 27357 LM
42 20 1 1 ablc | 41,9,0,1 |1920 Aso
43| 20 1 1 ab’d | 47,7,3,3 |1920 Ao
44 20 1 3 a?F | 42,18,0,0 | 480 | 27375%7
45 20 1 3 a’ d* 54,6,0,0 | 480 i o k]
46| 24 1 2 al® | 45,5 5,5 | 768 | 20352711 Halentines
7] 30 2 2 a*bc | 46, 14, 4,4 | 1440 | 2% 3°5° 721113
48] 30 9 2 a’bd | 52,8,2,2 |1440]2273°53721113
49 36 3 3 aZb® | 50, 10,0, 0 | 864 23157
50| 40 3 3 a’c 51,9,9,9 | 320 el k|
51 40 3 3 a3d | 57,3,3,3 | 320 | 2531527
52 2 7 3 a3b 55,5,5,5 | 576 I35 7T




“Generic” solution, genus zero, 12 branches, (61, 62, 63,64) = (2/5,1/2,1/3,4/5):

__95(s* 4+ 1)(3s — 4) (155" — 5s° + 3s* — 35 + 2)
o (25 — 1)2(9s% + 4) (952 + 3s + 10)

_ 2785(s* + 1)%(3s = 4)°
T 4(2s = 1)3(9s2 + 4)2

F(y,t) =
(15524784 t2 — 5373216 ¢ + 1350000) y** — (128381760 t* — 13366080) y''+
(5425704 3 + 496677744 t* — 305391601¢) y'°—
(14929920 ¢* + 41364000 t° + 866759680 t* — 2928160¢) y '+
(107546535 t* — 508275750 ¢ + 747613335 t* — 1837080 ¢) y°—

(24385536 % — 285548724 t1 — 2437066824 t° + 74927724 1 + 944784 1) y'+

(58212000 > — 2865570750 t* — 4456260900 ¢* + 17631810 ¢%) y°—
(49787136 £ — 904003584 t> — 7215732804 t* — 2130570936 t> — 12872196 %) y°—
(413500320 £° + 3724484160 t° + 4839581265 t* + 162430110 ¢* + 3750705 ) y*+

(3001304640 t° + 74794560 t> + 2710584000 ¢* — 380946240 ¢°) y*—
(940800000 7 + 977540640 t5 — 726801696 t° + 939255264 t* — 72013536 t°) -+

(1176000000 ¢7 — 1481095680 t° + 765158400 ¢°) y—

(1920800000 £2 — 7212800000 7 + 10522980864 t° — 6913299456 ¢° + 1728324864 t*)



Pullbacks ( Klein, R-Fuchs, .., Kitaey, C-Dovon, -.. )

Klein showed all 2nd ovder Fuchgon cyaatkms
with finite monodermy ave (essentialy) - pullbacks of
h)/pwaameﬁn‘c equations :

Ratimal I/P (nvariants)
Coio

h”eraeomtn‘c epualirm

so  istmonodwmic Fomily of 0Es ~ fomily o ratirnal pup:

Key obserwation: alyebraicity of deformabvn comes firrm fhal
{fvon, Ker) of rabimal meps (Hurwitz spaess)
not from finifeness of monodemy repenbion
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regular singular point at A, and precisely four non-apparent regular sin-
gular points at {0, 1,00,t}. The local monodromies about these points
do not vary with ¢t € P! \ {0,1,00}. By Lemma 2.9, we thus know that
) as a function of ¢ determines a solution to a Painlevé VI equation as
described. q.ed.

A direct application of this criterion to the natural hypergeometric
local systems associated to triangles yields the following three corollar-
jes:

Corollary 4.6. The following is the complete list of topological
types corresponding to algebraic Painlevé V1 solutions coming from pull-
back from arithmetic Fuchsian triangle groups, together with the descrip-
tion of the corresponding triangle:

(2; [2]’ [11 1}! [1, 1]3 2) (2=D! D)
(3:[2,1],(3],(1,1,1);2) (2,3,0)
(4;(2,2],03,1],[2,1,1);2) (2,3,0)
(4;(2,2], 4], [1,1,1,1];2) (2,4,0)
(6; [2,2,2],[3,3],[ y2,1,1);2) (2,3,0)
(6;[2,2,2],(3,3],(3,1,1,1];2) (2,3,0)
(10; [2! 2] [3'3131 I]r{T 1,1 1] 2) (253: 7)
(12[2,...,2],[3,3,8,3],(7,2,1,1,1};2) (2,3,7)
(12;[2,.. 2] 3,3,3,3],[8,1,1,1,1];2) (2,3,8)
(1802, .... 4, 8,4, %1,1,1, 11 2) (2.3,7)

Here [0 represents any of the possible entries as listed in Theorem 4.4.

Note that in the case of the arithmetic triangle group PSL(2, Z), with
triangle (2,3, 00), as expected we recover from this list the topological
types of the Kodaira functional inveriants of our five families. In this
corollary, the restriction to arithmetic Fuchsian triangle groups is for
convenience only — we just wanted a finite set of triangle groups in
PSL(2,R) to which to apply our criterion, and in this case they yielded
a finite list of topological types. By contrast, for some triangles one can
explicitly construct infinite lists of allowable topological types (unlike
the previous result, the proofs of these corollaries do not produce an
exhaustive list of types, merely an infinite one):

Corollary 4.7. There are infinitely many topological types corre-
sponding to algebraic Painlevé VI solutions arising by pullback from
each triangle uniformized by C, except for (3,3,3) which has none.
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regular singular point at A, and precisely four non-apparent regular sin-
gular points at {0,1,00,t}. The local monodromies about these points
do not vary with ¢t € P!\ {0,1,00}. By Lemma 2.9, we thus know that
A as a function of ¢ determines a solution to a Painlevé VI equation as
described. g.ed.

A direct application of this criterion to the natural hypergeometric
local systems associated to énangl yieldg the fo three corolla.r-
ies:

Corollary 4.6. e following is the complete list of topological
types corresponding tf algebraic Painlevé VI solutions coming from pull-
back from arithmetid Fuchsian triangle groups, together unth the descrip-

tion of the correspgnding triangle: ‘(ﬂmﬂ

imal mop f %Gt &0,0)

g; {g’ 21,%. Eg],llll,[;,i];f])m 8 g Sg ’.e
TR | it
(6:[2,2,2],[3,3],[3,1,1,1); 2 (2,3, 1:) a'-?', d"l? new
ey }’{?3 g O~ KM

G2m Ay  (@s8—vE orOctaldrd
ORR. 80,8 [1.7.1,11

7,7,1,1,1,1};2) (2,3,7)\&-

Here O represents any of the possible entries as listed in Theorem 4.4.

Note that in the case of the arithmetic triangle group PSL(2, Z), with
triangle (2,3, 00), as expected we recover from this list the topological
types of the Kodaira functional inveriants of our five families. In this
corollary, the restriction to arithmetic Fuchsian triangle groups is for
convenience only — we just wanted a finite set of triangle groups in
PSL(2,R) to which to apply our criterion, and in this case they yielded
a finite list of topological types. By contrast, for some triangles one can
explicitly construct infinite lists of allowable topological types (unlike
the previous result, the proofs of these corollaries do not produce an
exhaustive list of types, merely an infinite one):

Corollary 4.7. There are infinitely many topological types corre-
sponding to algebraic Painlevé VI solutions arising by pullback from
each triangle uniformized by C, ezcept for (3,3,3) which has none.

0,0



» O 9 0O

P’

) S, @ "t
NN - 4 )
Noved el & o
JEE 4
s :



P’

N NN - (Vp)

No el i ed o
o

2 - vt S

IP'



Ly =caca’c”
G- ¢

g =Ce (ac
(‘ = c-‘!bCS




Simple_obsesvatirn

Gam wnrte cown é‘po/o‘]m[ b7 solubom
tm pdgy o €, by hond
(dont peed £ eqliciby)
—ge through Dovan’s (st & Gnd Bp. Solubms
— compule explicilly by pevies eympbtic mebied.



2,3, 7 solution
genus one, 18 branches
(913 921 93} 94) i (2/7a 2/77 2/7: 1/3)

1 (35 —2s"—45%—2045°—5365" — 1738 5® — 5064 s* — 4808 5 — 3199) u

- 4 (s5+ 10655 + 18052 + 7565 + 164) (2 + s+ 7) (s + 1)
- (s°— 84 5% — 378s° — 1512 s* — 5208 s° — 7236 5* — 81275 — 784) u
3 4325 (s+1)*(s2+ s+ T7)°
where

ul=35(s"+35+7).



—thanks & M.van Hoej



Icosahedral solution 41
genus one, 18 branches
(61,6,05,60,) = (1/3, 1/3,1/3,1/3)

_ 1 85" 2855+ 7555+ 315" — 269 5° + 318 52 — 166 5 + 56
.3 18u(s—1)(38 —ds2 + 45+ 2)

1, (s+1)(32(s* +1) — 320 (5" + 5) + 1112 (s° + 5?) — 2420 (8° + %) + 3167 s%)
t= =+ -
2 54uts (s=1)

where

u’=3(8s*—115+8).

(Equivalent to Dubrovin-Mazzocco’s 10 page elliptic solution.)



24 branch Valentiner solution
(Icosahedral Solution 46)
(91,92,93,94) = (1/3,1/3,1/3,1/2)
P 1 ($*+45-2)Q

1
== — , ==+
e 2(3s2-2s+2)Ru 2 2(s+2)(3s2—2s+2)%u?

where

P=165" 4725+ 505° — 2425® — 3143 57 4 6562 s° — 8312 s* + 9760 s* — 9836 &3 + 6216 s? — 2288 s + 416,
Q=85""+165"+245° — 8457 + 420.4° — 31245 + 258 5 — 288.5% 4 288 52 — 1285+ 32,
R=26s"+185" — 754" +506° + 270 5% = 3125 + 104,
and where (u, s) lies on the elliptic curve

u?= (88 —75+2)(s+2).



Icosahedral solutions with > 5 branches

| Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
20 5 0 1 ed |44,12,12,4 | 480 Ss

nil 5 0 2 2d? | 36,12,0,0 | 240 Ss

2| 6 0 1 bfd | 34,10,2,2 | 576 Se

23| 6 0 1 bed® |46, 14,10,2] 576 Se :
24| 8 0 1 ac?d | 39,15,3,3 | 768 As

| 8 0 1 acd® | 45,9,9,3 | 768 Ag

26| 9 1 2 bc 28,4,4,4 | 288 Ag

27| 9 1 2 bd® | 52,8,8,4 | 288 Ay

28| 10 0 2 a*cd | 48,12,6,6 | 480 2135

29 10 0 2 b’ e : 46, 14, 1 ,6 320 Alg

30| 10 0 2 Vd 12 2.2, 2 | 320 Ao

31| 10 0 3 ¢ 24,0,0,0 | 80 A1

32| 10 0 3 d? 48,0,0,0 | 80 Ao

33| 12 0 0 abed | 43,11,7,1 2304 Ara

34| 12 1 1 abc® | 37,13,5,5 |1152 Ao

36| 12 1 1 abd® | 49,5,5,1 [1152 Ara

36| 12 1 1 bcd | 38,6,6,2 [1152 235

37| 15 1 2 bc 36,4, 4,4 | 480 Ass

38| 15 1 2 bd 48,8,8,8 | 480 Ass

39| 15 1 2 b2 2 32,8,0,0 | 720 S5

40| 15 1 2 d? | 44,4,0,0 | 720 Sis

41| 18 1 3 b? 40,0,0,0 | 144 PEHT

42| 20 1 1 ab’c | 41,9,9,1 [1920 Ago

8 W -F 13 1 ab®’d | 47,7,3,3 [1920 A

4| 20 | 1 3 a’c? | 42,18,0,0 | 480 ok Lok
45| 20 1 3 a*d* | 54,6,0,0 | 480 23 5°7
46| 24 1 2 ab’ 45,5,5,5 | 768 | 2035711
47| 30 ¥ | 2 a’bc | 46,14,4,4 | 1440 22 3°5° 721113
48| 30 | 2 2 | a’bd | 52,8,2,2 |1440|273°5°7°1113
49| 36 3 | 3 | a’V |50,10,0,0 | 864 b X

50| 40 3 3 @c | 51,9,9,9 |320| 2537 52

51| 40 3 3 ed | 57,9,3,3 |320| 27357
52] T2 7 3 a’ b 55,5,5,5 | 576 g3 57
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Icosahedral solutions with > 5 branches

Genus | Walls [ A5 Type | Alcove Point | No. | Group (size)
0 1 b 44, 12, 12, 4 | 480 Ss
0 2 , 36, 12, 0, 240 S5
0 1 berd | 34,10,2,2 | 576 Se
0 1 bed* |46, 14, 10,2 | 576 ~ Ss
| © 1 ac’d | 39,15,3,3 | 768 | = Ag
L 07 1 aCdz_ I ,‘451, 919: 3 . 768 | As
5 2 N\ be 28,4, 4,4 | 288 | Ag
1 2 |Whd 59. 8,8, 4 | 288 Ag
0 2 ‘cd | 48,12 | 480 235
0 2 Q (& 46, 14, _1L6 | 320 Alg
0 2 b 42. 2. 2. ; 320 At
0 3 c 24, 0, 0, 80 Ay
0 3 e 48, 0. 0 80 Aqp
0 0 abed | 48, 11, 7,1 | 2804 Al
1 1 abe | 87, 18, 5,5 | 1159 Al
i 1 abd? 49. 5.5, 1 | 1182 Aqo
1 1 b cd 38,6,6,2 |1152 s )
1 2 _ b3C 36, 4, 4, 4 480 A15
1 2_“ 8 8 480 A15
1 2] ' 0, O, _| 720 Sis
1 2 ' 20 Sis
1 3 l’k s A
1 1 19200 Agg
1 3 a’ c 4218, 0, 0\ 8 .
1 3 g 2l 17 1 217 34 52 5
24 1 2 68 |/ 2°°3° 52711
30 2 2 a’be | 46, 14, 4, 4 Y440/ 2273553721113
30 2 i | 2°°3°5° 771113
36 3 X [ ' 64 2R B
40 3 3 ac | 51,9,9,9 J 320 ik
40 3 3 TSNa Eledued” |t 320 ek
72 7 3 ) 56. & 6 TR BT




Solution 52
72 branches, genus 7
(61,02, 03, 04) = (1/12,1/12,1/12,11/12)

9(j —1) (% + 274% — 574 + 79) wo + 2 (2% = 2j + 5) (2 =75 + 1) (24" + 25° = 3;° = 58 + 107) (72 -4+ 13)?
62 1) (22 +3+17)(* =312+ 3i = 11) (2 =7)%

g
¥=3

1 (s+1)(32(s®+1) —320(s" + ) + 1112 (s° + s*) — 2420 (s° + s%) + 3167 s)
—+
2 545 (s—1)us

on the curve in P? with affine equations:
¥ =—(+1) (6+4%—2j) (45— 13j+19),
w=(G—1)©2j—-7G+1) (252 +j+17) (45* - 135 +19)
where
j2 -1 w

THT o G

S

In fact this genus 7 curve is birational to the plane octic cut out by

@M}z ¢®)+18 p* ¢*+4 (P°+¢°)+26 (0* ¢*+p* ¢*)+8 (p'+¢*)+57p* ¢*+20 (p*+¢°)+16
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